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ToDAY'S AGENDA

1. Overview of the project

2. Today’s outline

Continuous-time recursive utility (Duffie-Epstein-Zin)
Baseline model with complete markets

Elasticity of intertemporal substitution

Introduction to shock elasticities as a diagnostic tool
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PROJECT OVERVIEW

+ Research Goal: Compare/contrast implications of DSGE models with
financial frictions through study of their non-linear transmission
mechanisms

+ Models of Focus

+ Continuous time with Brownian shocks
 Financial intermediaries
+ Heterogeneous productivity, market access and preferences

+ Comparisons
« Macroeconomic quantity implications
« Asset pricing implications
« Welfare consequences and policy ramifications

+ Approach: Nesting model



RECURSIVE UTILITY

1. Discrete-time Kreps-Porteus recursive preference specification

1
—p

cis [“ — exp(—6)] (Cr)"” + exp(—F€)R (Ut | St)“}
R(Ut+5 | St) = (E [(Ut+€)1—7 | St})ﬁ

2. R(Utyc | t): certainty equivalent with parameter «
3. Recursion governed by 3 key parameters

« § - subjective discount rate
* 1/p-IES
 ~ - relative risk aversion

4. Special case: p = v
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RECURSIVE UTILITY RISK ADJUSTMENT

1

R(Utse | 8t) = (E |:(Ut+€)17'y | St])?

1. Construct logarithmic counterpart

r(logUiie) = ; jfy logE (exp [(1 — ) log Ut+] | Tt)

2. Posit dUt = Utuuytdt + Utau,t . dBt
3. Ito’s Lemma: dlog Uy = puy tdt — 2oy ¢|*dt 4 oy ¢ - dB:.

4. Derivative: Lr(logUrye)leo = ptut — Z|ou el

Includes an adjustment for the local variance.



CONTINUOUS-TIME RECURSION (DUFFIE, EPSTEIN, LIONS)

Recall

1

Ui = [[1 — exp(—3€)] (Ce)' ™7 + exp(—d€)R(Upse | gt)1_p} o

1. Logarithmic counterpart

log Ut
1

- g [1 — exp(~36)] (€)' + exp(~00) 0 (1 ~ p)r(log Uere | )]

2. Subtract log U; from both sides and differentiate with respect to e:
5 [ ( ct>1ﬁ
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1=/ Ut
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3. p=1limit



STOCHASTIC DISCOUNT FACTOR OVER AN INTERVAL

1. Use homogeneity of the utility recursion and compute three marginal
utilities: associated with the two CES recursions:

MC; = [1 — exp(—de)](Ct) " (Ur)”
MR = exp(—de)(R:) " (Ut)”
MUty = (Utre) ™7 (Re)Y

where R; is the date t risk adjusted continuation value.
2. Form the stochastic discount ratio as

St+e _ MRtMUt,H-eMCH-E
St MC;

_ Cere\ " Utre o
_exp(€5)( C, ) {R(UHJ&)]




STOCHASTIC DISCOUNT FACTOR

1. Discrete-time SDF over an interval e:

St+6 <Ct+e ) -’ |: Ut+e :| L
—— = exp(—e€d T T
3 P=e) | ¢, R (Usre | 50)

2. Depict continuous-time evolution of SDF as:

dSt = Stps 1dt + Stos ¢ - dB:
3. Depict a valuation or cumulative return process:
dA; = Atfiqrdt + Aioqt - dBs.
where AS is a positive martingale. Martingale restriction:
Hat + Hst + Tat - Ost = O.

4. Risk free rate ri = —pusy; risk price vector m = —os .



STOCHASTIC DISCOUNT FACTOR CHARACTERIZATION

. Stee _ o (Ce Y P [ U 1777
mﬁuﬁ%famﬁﬂ(a> {mﬁﬁﬂ

1. Consumption

quzmmu%mﬁm+%rwt
2. Continuation value

dlog Ut = puycdt — %|Uu,t|2dt + oyt - dBt
3. Local coefficients (prices):

Ost = —poct + (p - 'Y)UuA,t

2dt +

1, p
= — = —(S — —
Mst 2|Us,t| Plct + 2|0C,t



LONG-RUN RISK MODEL WITH COMPLETE MARKETS

1. The long-run risk processes (Z,V):

dZt = —)\Ztht + VtO'Z . dBt
th = _)\V(Vt — 1)dt + VtO'v . dBt

2. The A-K production technology with adjustment costs

K I
ehse ey ([ e + 7t — ag| dt + /Vioy, - dB;
Kq Ke

3. ® is the concave and increasing installation cost function

4. The economy'’s resource constraint:

Ct + Iy = ak;



PLANNER PROBLEM

1. State vector X = (Z,V)

2. Capital evolution in logarithms:

d|OgKt: |:<D <Il<t> +Zt70ékf

t

v 2
t;k:| dt + +/Viop, - dBy

2. Homogeneity properties of the model lead to: log U; = log K¢ + £(X¢).
3. HJB equation for planner problem:

B ) 1 . 1 )

0= max {1—p (" Pexp((p—1)&) —1) + (i) +Z — a 5v|ak\
1 / 1- /

+ L - 8)(5 —+ itr (Uxaxx/fa'x) + 77‘\/?0% + 0x3x§|2}

where ¢ (consumption-to-capital ratio) and i (investment-to-capital
ratio).



AGGREGATE WEALTH

1. Marginal utility of consumption satisfies
MC, = 6C; "UP

2. Use (i) Euler’s theorem and (ii) total wealth = value of capital stock to

obtain
Uy 1 /G ? Us =f
Ki=—=-(2) (Z) K
Qe = e, 5<m) (m) '
where Q; is the price of capital.

3. Return on wealth is exposed to direct shocks to the capital stock and
also to shocks to its value Q.



UNITARY ELASTICITY

HJB equation for planner problem when p = 1

. 1
0 = max {(5(|ogc -8 +P()+z—ar— 5V|ak\2

c+i=a

1 1—
+hix - Ok + Etr (J)/(axx’fgx) + T’y‘\ﬁak + U>/<a><§|2}

where ¢ (consumption-to-capital ratio) and i (investment-to-capital ratio).

1. i and c are constant independent of the Markov state.

2. Affine value function: {(x) = o + 51 - X
221 The dependence on growth state variable 3,z satisfies:

1 oo
ﬁzZ:( )Z:E{/ exp(—07)2Zt-dT | Zt =z
g rEpw : (=07)2ey | Zt

2.2 Coefficient on the volatility state variable 3, satisfies a quadratic
equation




SENSITIVITY TO CHANGES p

Construct an expansion around p = 1.

1. The sign of p changes the quantity dynamics
2. Responses when p < 1

a. ¢*is decreasing in growth z
b. ¢* isincreasing in volatility v

and conversely when p > 1.



MODELS OF ASSET VALUATION

Two channels:

1. Stochastic growth modeled as a process G = {G;} where G; captures
growth between dates zero and t.

2. Stochastic discounting modeled as a process S = {S;} where S;
assigns risk-adjusted prices to cash flows at date t.

Date zero prices of a payoff G; are
Price = E (5:G¢|To)

where F, captures current period information.

Stochastic discounting reflects investor preferences through the
intertemporal marginal rate of substitution for marginal investors.



IMPULSE PROBLEM

Ragnar Frisch (1933):

There are several alternative ways in which one may approach the
impulse problem .... One way which | believe is particularly fruit-
ful and promising is to study what would become of the solution
of a determinate dynamic system if it were exposed to a stream
of erratic shocks that constantly upsets the continuous evolution,
and by so doing introduces into the system the energy necessary
to maintain the swings.

Irving Fisher (1930):
The manner in which risk operates upon time preference will dif-
fer, among other things, according to the particular periods in the
future to which the risk applies.



DiIAGNOSTIC TOOL

Transition dynamics and valuation through altering cash flow exposure to
shocks.

1. Study implication on the price today of changing the exposure
tomorrow on a cash flow at some future date.

2. Represent shock price elasticities by normalizing the exposure and
studying the impact on the logarithms of the expected returns.

3. Construct pricing counterpart to impulse response functions.



UNPACK THE TERM STRUCTURE OF RISK PREMIA

1. Proportional risk premium over horizon t:

IogE(G ) IogE(St t 8’0> —l—logIE(St 30)
Go S0

where the first term is the expected cash flow growth, the second is
the value, and the third term is the negative of the expected risk-less
return all in logarithms.

2. Counterparts to impulse response functions pertinent to valuation:
2.1 shock-exposure elasticities
2.2 shock-price elasticities
These are the ingredients to risk premia, and they have a term
structure induced by the changes in the investment horizons.

Hansen-Scheinkman (Finance and Stochastics), Borovicka and Hansen
(Journal of Econometrics), Borovicka-Hansen-Scheinkman (Mathematical
and Financial Economics)



CONSTRUCT ELASTICITIES

1. Construct shock elasticities as counterparts to impulse response
functions

2. Use (exponential) martingale D(7), perturbing an underlying positive
(multiplicative) process M over the time horizon [0, 7), where:

t t
|Og Mt = / /,Lm(Xs)dS + / Um(Xs) . st
o o
tAT 2 tAT
g0 = — [ 7 as 4 [ o0 - b,
[0} o

where E (|og(Xt)[?) = 1.
3. Shock elasticity (for example, if o4 = (1,0), then D() perturbs in the
direction of the first shock):

M
em(x,t) = lim IogE{tD |Xo_x}



SHOCK ELASTICITY

M
em(x, t) = lim IogE[MtD |X0_x]

Apply to a cash-flow G, stochastic discount factor S and product SG

1. shock exposure elasticity eg(x, t);
2. shock cost elasticity esq(x, t);
3. shock price elasticity eg(x,t) — esq(X, t)



INTERPRET ELASTICITIES

Recall
em(X,t) = lim 2 logE [MD IXo = X]

710 T

where D(7) is an exponential martingale perturbation over the time
interval [0, 7).

Two interpretations:

1. Change in probability measure - local impulse response

2. Change in cash flow exposure - local risk return

Depend on current state and horizon.



WHAT DO THESE ELASTICITIES CONTRIBUTE?

1. What shocks investors do care about as measured by expected return
compensation?

2. How do these compensations vary across states and over horizons?

3. How do the shadow compensation differ across agent type?



INPUTS FOR THE COMPUTATIONS

1. o, only depends on the first shock while o, depends on both shocks.
The numbers were chosen to better track the observed consumption
dynamics.

2. The computations used a first-order small noise, large risk aversion
parameterization. In this approximation ~ only alters the implied
deterministic steady states and not the impulse responses to shocks.
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