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Abstract

Why do fire sales occur if many risks are hedgeable? We study a version of Brun-
nermeier and Sannikov (2014) in which all fundamental risks can be hedged friction-
lessly. Our analysis shows that fire sales are inherently self-fulfilling. Fundamen-
tal shocks can never cause fire sales, and an efficient, safe equilibrium exists. On
the other hand, there exists an equilibrium in which agents coordinate fire sales on
non-fundamental shocks. A simple refinement based on vanishingly-small perceived
fundamental risk eliminates the safe equilibrium and selects the fire sale equilibrium
as the unique outcome.
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Why do fire sales occur if many risks are hedgeable? Why is risk concentrated on
the balance sheets of intermediaries and productive experts? Which types of risks are
concentrated? Our paper provides on new, self-fulfilling perspective on these questions.

We study a canonical macro-finance model, similar to Kiyotaki and Moore (1997)
and Brunnermeier and Sannikov (2014), that has launched a large subsequent literature.
The core mechanism in such models is sometimes referred to as a “financial acceler-
ator” because the economic impact of fundamental shocks is amplified by imperfect
risk-sharing.! Our departure from these models: we allow agents to frictionlessly hedge
all fundamental risks. This feature brings our analysis closer to the model of Di Tella
(2017).

As a general principle, when a risk is shared, the accelerator mechanism breaks down.
To re-open the door to accelerator-type fluctuations, we limit risk-sharing in a novel way.
While our model features markets to hedge all fundamental shocks, markets do not exist
for hedging certain endogenous risks that emerge in a self-fulfilling manner, which we
will refer to as “sunspot shocks.” Sunspot shocks are non-fundamental, but agents could
potentially coordinate on them. Such coordination affects equilibrium precisely because
sunspot shocks are not directly hedgeable.

What emerges are self-fulfilling fire sales. More productive agents (“experts”) man-
age a disproportionate share of productive capital and share its fundamental risks per-
fectly with everyone else (“households”). In this world, fundamental shocks cannot
cause amplification. But equilibrium is not necessarily efficient or smooth. If a sunspot
shock arrives, experts may coordinate to sell capital to households. If such coordinated
selling occurs, the capital price would fall in equilibrium, due to the lower productive
efficiency of households. From the perspective of an individual expert, the selling by
other experts impinges her wealth and motivates her to also sell capital. The dynamics
at play are very similar to runs, but stem from the asset side rather than liability side.

Our main result proves and constructs such an equilibrium. We then go on to
demonstrate how our sunspot equilibrium is a limiting case of the conventional equi-
librium. Imagine fundamental risks were not hedgeable, and denote their volatility ¢.

As 0 — 0, the conventional financial accelerator equilibrium converges to an equilib-

!Extensions of this framework have been used to study idiosyncratic uncertainty shocks (Di Tella,
2017); shadow banking (Moreira and Savov, 2017); bank capital regulation (Phelan, 2016; Klimenko et al.,
2017); monetary policy (Drechsler et al., 2018); quantitative easing (Silva, 2017); optimal policy (Di Tella,
2019); the quantitative frequency and severity of crises (He and Krishnamurthy, 2019); bank runs (Gertler
and Kiyotaki, 2015; Gertler et al., 2020; Mendo, 2020); extrapolative sentiments (Krishnamurthy and Li,
2020; Maxted, 2023); time-varying diversification (Khorrami, 2021); and long-run risks (Hansen et al.,
2024). On the asset-pricing side, this literature is often referred to as “intermediary asset pricing” (He and
Krishnamurthy, 2012, 2013). For a survey, see Brunnermeier and Sannikov (2016).



rium with volatility (formalizing the “volatility paradox” by Brunnermeier and San-
nikov, 2014). Agents continue to coordinate on the fundamental shock, even though it
has zero volatility, and the result is identical to our sunspot equilibrium.

Finally, we provide a very simple refinement that ensures uniqueness. Our baseline
model features two equilibria: a safe, efficient equilibrium and a risky, fire-sale equilib-
rium. Why would agents coordinate on the fire-sale equilibrium? Imagine the sunspot
shock, which is not hedgeable, is perceived by agents to have a vanishingly-small fun-
damental impact g. We show that, as ¢ — 0, the unique limit is our fire-sale equilibrium,
and the safe equilibrium can never prevail.

These results overturn a conventional wisdom that the financial accelerator mecha-
nism breaks down when fundamental shocks are hedgeable. So long as agents cannot
hedge every conceivable shock, the door remains open to accelerator-type fluctuations and,
in fact, such fluctuations are selected as the unique outcome in our context. Our analysis
also clarifies that fire-sale dynamics are likely to be driven by non-fundamental shocks,
especially emergent shocks that lack developed hedging markets.

1 Model

The model structure is the same as in Khorrami and Mendo (2024), which is a simplified

version of Brunnermeier and Sannikov (2014) that does not include capital investment.

Information structure. There are two types of uncertainty in the economy, modeled as
two independent Brownian motions (W, Z). The fundamental shock W directly impacts
production possibilities, whereas the second shock Z is a sunspot shock that is extrinsic

to economic primitives.

Technology and markets. There are two goods, non-durable consumption and durable
capital that produces consumption. When an individual agent i holds capital k;;, it

grows exogenously as
dki,t = ki,t [gdt + O'dwt], (1)

where g, ¢ > 0 are exogenous constants. The capital-quality shock ¢dW introduces

fundamental randomness in technology. The relative price of capital is denoted by g;

and is determined in equilibrium. (Note that (1) excludes the effect of capital trades.)
There are two agent types, experts and households, who differ in their productivity.

Experts produce 4, units of output per unit of capital, whereas households” productivity
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is a;, € (0,a.). Because all agents of the same type will ultimately behave as scaled
versions of each other, we index agents i € {e, 1} simply by their type.

Financial markets consist of a short-term, risk-free bond in zero net supply that pays
interest rate r; and a financial market for contracting on the fundamental shock, which
offers expected return 7;dt per unit of exposure to dW;. The financial friction is that
agents cannot issue equity when managing capital.?

Preferences and optimization. Given the stated assumptions, we can write the dynamic

budget constraint of any agent of type i € {e, 1} as

a; d(gik;
dniy = [(ni,t — qiki)re — Ci,t} dt + qik; s [q—;dt + %} + x; ¢ [dt + AW, (2)
4 1,t . ~ /
consumption-savings N financial hedges

capital returns

where 7 is the agent’s net worth, c is consumption, k is capital holdings, and x denotes
hedging positions. Brunnermeier and Sannikov (2014) effectively imposes x = 0 as a
constraint.

Experts and households have logarithmic utility, with discount rates p, and p;, < p,
respectively. In the online appendix, we generalize to CRRA utility with alternative levels
of risk aversion. Experts” higher discount rate ensures a stationary wealth distribution.
Agents solve

sup E [ /Ooo e Pit log(ci,t)dt} (3)

¢>0,k>0,n>0,xeR

subject to (2). The solvency constraint n;; > 0 is the natural borrowing limit, given the
absence of labor income. Optimization problem (3) is homogeneous in (¢, k, 1, x), so we
can think of the expert and household as representative agents within their class.

1.1 Equilibrium definition

The definition of competitive equilibrium is standard.

Definition 1. For initial endowments k., k; o such that k.o + k0 = Ko, an equilibrium
consists of stochastic processes—adapted to the filtered probability space generated by
{Wy, Z; : t > 0}—for capital price g;, interest rate r;, risk price 71;, capital holdings
(ke,t, Ky, ), hedges (x4, x5 1), consumptions (c. s, ¢y ¢), and net worths (1,4, 1y, ), such that:

(i) initial net worths satisfy 1,0 = qoke0 and ny o = goky,o;

ZPartial equity issuance, as long as there is some limit, will generate similar results.
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(ii) taking processes (q,7,7) as given, agents solve (3) subject to (2);

(iii) consumption, capital, and hedging markets clear at all dates, i.e.,

Cet + Cpt = aeket + apky s 4)
ket +kpy = Kt ()
Xe,t + Xpt = O/ (6)

where K; follows the same dynamics as those given in (1).

1.2 Equilibrium characterization

We start with a useful equilibrium characterization. First, conjecture the following form

for capital price dynamics:
dqr = qi[pg,dt + 0g tdWr + GqrdZ4]. (7)

There are two potential avenues for random fluctuations. The standard term o, rep-
resents amplification (or dampening) of fundamental shocks, as in Brunnermeier and
Sannikov (2014) and others. By contrast, ¢; measures sunspot volatility that only exists
because agents believe in it.

Given log utility and the scale-invariance of agents’ budget sets, individual optimiza-
tion problems are readily solvable. Optimal consumption satisfies the standard formula
cit = pinis. Capital holdings and financial hedges are determined via a mean-variance

problem:

dn 1 dn
 max {E[") — Va1 }

Plugging in capital and price dynamics in the dynamic wealth equation (2), and rear-

ranging, this problem becomes

~/0a - 1 T 2 1~2
max k(-+¢+wu,+oo,—(c+o;)m)+xm— =(k — =X,
l?zo,fe]R{ (q 8T Mg 7 ( 7) ) 2( 59) > }
where k := %k and ¥ := 7 + Zq—k((f + 0y) are the agent’s per-unit-of-wealth exposures

to the sunspot shock ¢,dZ and fundamental shock dW, respectively. Note that % is



unconstrained because x is unconstrained. The optimality conditions are

k
gt o= B ®
q fe
%h +8+ug+oog—r< qnﬁgg (with equality if kj, > 0) )
h

T — q_ke o+ o0,) = Xe

Ne ( q) Ne (19)
T — ﬂ + _ X

ny (U Uq) ny {1

for hedges. (Note that experts’ capital optimality condition (8) assumes the solution is
interior, i.e., k. > 0. But this is clearly required in any equilibrium given experts earn
a strictly higher expected return than households.) These conditions fully summarize
optimality.?

Next, we aggregate. Due to financial frictions and productivity heterogeneity, both
the distribution of wealth and capital holdings will matter in equilibrium. Define ex-
perts” wealth and capital shares:

e Me ke

— — d = .
ne+ny, gk and mEm R

1=

Given agents’ solvency and capital short-sales constraints, we must have # € [0,1] and
k € [0,1] in equilibrium. Substitute optimal consumption into goods market clearing (4),
divide by aggregate capital K, and use the definitions of 7 and «, to obtain

qp = xa. + (1 — «)ay, (PO)

where §(77) := np. + (1 — n)py, is the wealth-weighted average discount rate. Equation
(PO) connects asset price g to output efficiency x, which we call a price-output relation.
Using the definitions of # and x, experts’” and households” portfolio shares can be

written qn_k: = % and % = L;Z Then, differencing the optimal portfolio conditions

3 The only additional optimality conditions are the transversality conditions limy_,« E[e™ i T%ni;] =
0. However, using c; = p;n;, we see that transversality automatically holds. /



(8)-(9), we obtain the risk-balance condition

. _ e —4dp  K—1 o
0 = min [1 K, p ﬁ(l—ﬁ)gq}. (RB)

Either experts manage the entire capital stock (x = 1) or the differential return of experts

over households, (a. — a;) /g, represents fair compensation for differential risk exposure,
K—n

7(1=1)

tion for r:

g%. Summing portfolio conditions (8)-(9), weighted by k¥ and 1 — «, yields an equa-

_ kae+ (1—x)ay, et (A =x)*
r = g+ g+ o0y <7+ - )e

12
p (12)

Combining optimal financial hedges (10)-(11) with the zero net supply condition (6), we
obtain a full risk-sharing result for the equilibrium risk price

T =0+ 0y (13)

Finally, applying Itd’s formula to 7, and using net worth dynamics (2), wealth share

dynamics are given by

dﬁt = ‘ll;Y,tdt + Un,tth + gn,tdZt, given 1o, (14)
where
puy =11 —1)(on — pe) + (K—ZUKHZ)K_—WQE (15)
n(1—1)
oy =0 (16)
Gy = (K —1)gq- (17)

Note the full risk-sharing result 0;, = 0 on fundamental shocks. Also, the initial wealth

Neo __ k 0 . TR .
ko = K, 18 pinned down by the initial capital endowments.

distribution 19 =

1.3 Fundamental Equilibrium

We focus on equilibria which are Markov in the state variable 7. (Khorrami and Mendo,
2024, provides a rich analysis of equilibria which permit additional “sentiment variables”
beyond 77.) Among those, categorize equilibria into fundamental or sunspot, depending
on whether dZ matters.



Definition 2. A Fundamental Equilibrium is an equilibrium in which ¢, = 0. Any other
equilibrium is called a Brownian Sunspot Equilibrium (BSE).

The Fundamental Equilibrium is unique, efficient, and deterministic. Allocative effi-
ciency is immediately evident: if ¢; = 0, then (RB) implies x = 1 forever. Risk-sharing
is also efficient, captured by deterministic relative wealth dynamics: from (16)-(17), and
using ¢, = 0, we have that 0, = 0 and g, = (x — 17)g; = 0. In fact, the equilibrium obeys
the following deterministic dynamics:

i T e T e (e
it = =1t (1 = 17¢) (e — 1) (19)

(To obtain these equations, substitute x = 1 into equation (PO) to get q; = a./p(n:),
and combine with the previous results.) Finally, because 1y is given and q = a./p(#) is
purely a function of #, this Fundamental Equilibrium is unique: its initial condition is
pinned down, and its dynamics are given uniquely by (18)-(19). Therefore, none of our
results arise due to a multiplicity without sunspot shocks, unlike many classical sunspot

equilibrium constructions.

Lemma 1 (Fundamental Equilibrium). There exists a unique Fundamental Equilibrium in

which experts manage all capital, k = 1, and its price q; = a./ (1) evolves deterministically.

2 Brownian Sunspot Equilibrium (BSE)

Our main results construct and characterize a Brownian Sunspot Equilibrium (BSE).

2.1 BSE: existence, uniqueness, and properties

To construct a BSE, start from the conjecture that the capital price is only a function of 7,
ie., gt = q(y;) for some function q. By Itd’s formula, 0; = %(7,7 and ¢4 = %gﬂ. Combining
this with equations (16)-(17), we have ¢; = 0 and

[1 —(k— q)%/}gq = 0. (20)

There are two possibilities: either (i) g, = 0; or (ii) 1 = (x — 17)%/, in which case ¢, can be

non-zero.



Consider first the situation where x = 1. It must be that ¢; = 0 in this region. Indeed,
if not then (20) implies 1 = (1 — 17)%,, which requires g to be an increasing function of 7.
On the other hand, (PO) implies that g = a,/p(7) is a decreasing function of 1. Thus, no
solution can exist; it must be that G =0 instead.

Next, consider the more interesting situation where capital is inefficiently allocated:
x < 1. In this situation, ¢; = 0 cannot hold (to see this, plug ¢; = 0 into the risk-balance
condition (RB) to see that x = 1 would be required). And so equation (20) can only hold
ifl=(x—1n) %,. Substituting x = Zf__;sl’: from (PO), we obtain a first-order ODE for g:

I (ae—ah)q .
T —na—-pa T ST @)

Consider boundary condition «(0) = 0, which translates via (PO) to g(0) = a;/py,. The
online appendix justifies this choice of boundary condition, which says that experts fully
de-lever as their wealth shrinks.* Then, ODE (21) is solved on the endogenous region
(0,7*) where households manage some capital, i.e., 7* := inf{y : x(y) = 1}. Given a
solution for (g, x), the risk-balance equation (RB) yields capital price variance

g=TImme= ey (22)
k=1 q
Since g; # 0 in (22), a BSE exists as long as ODE (21) has a solution. Unfortunately,
the singularity lim,_,oq'(17) = limy,_0q(y7)(x(17) —17)~! = +oc0 forces us to go beyond
standard ODE existence/uniqueness results. Instead, we build a monotonic sequence of
auxiliary economies that converge to the BSE.

Proposition 1 (BSE). There exists a unique BSE with x(0) = 0, in which ¢4(17) # 0 on (0,7*)
for y* >0, and ¢4(n) = 0on (1%,1).

Figure 1 displays a numerical example with the capital price q and volatility ¢, as
functions of 7. The left region where g is upward sloping corresponds to the ineffi-
cient region where k¥ < 1. This region induces a non-trivial amount of volatility (middle
panel). Volatility can be so high because of the large productivity gap 4. — a;,; this gap
makes fire sales impact asset prices significantly. Finally, notice that the equilibrium is

The existing literature universally applies the boundary condition x(0) = 0. In Online Appendix
C.1, we show that this is not necessary in principle. There are actually a continuum of BSEs indexed by
ko = x(0) € [0,1], which one can think of as agents’ “disaster belief”, i.e., what happens in the worst-
case scenario. Nevertheless, there are good reasons to select k9 = 0. As we go on to show in Online
Appendix C.2, if managing capital involves any amount of idiosyncratic risk, even if vanishingly-small,
any equilibrium must feature x — 0 as 7 — 0. Intuitively, even a tiny amount of additional capital risk
implies an infinite amount of return-on-wealth risk as # — 0 unless experts fully liquidate all their capital.
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stationary (the right panel plots the stationary CDF of 7). This is fairly easy to under-
stand. Since p. > pj;, experts consume at a higher rate than households, so they will
never control all wealth in the economy. On the other hand, expert wealth will not van-
ish because they hold a disproportionate share of capital, which delivers a risk premium

in equilibrium due to the volatility ¢,.°
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Figure 1: Capital price g, volatility ¢4, and stationary CDF of 7 in the Brownian Sunspot Equilibrium (BSE)
and Fundamental Equilibrium (FE). Parameters: p, = 0.06, p;, = 0.04, a, = 0.11, a5, = 0.03. (Note that g
and ¢ are irrelevant to the solution.)

A BSE is a self-fulfilling fire sale. The mechanics are as follows. If agents believe
sunspots can affect asset prices, then the actual arrival of such a shock triggers trading
of capital between experts and households. Why? While experts are able to share risks
from the fundamental shock dW, they cannot hedge the sunspot dZ. Anticipating a hit
to their balance sheet from a decline in capital valuations, experts rush to sell capital.

Let us understand further. To sustain a self-fulfilling fire sale, it must be the case that
(i) asset prices fall, and (ii) this asset price decline reduces expert wealth. Asset prices
are connected to capital holdings because experts are more productive than households
and are willing to pay more for capital. Equation (PO) captures this idea via the positive
relationship between g and «. Thus, if all experts coordinate to sell capital, its price will
fall.

5As Lemma B.1 in Online Appendix B shows, this BSE possesses a stationary distribution on [0, 7*] if
and only if p. > pj,. Note that there is a mass point at # = #* in the numerical example of Figure 1. This
is a general feature of the BSE.




Falling asset prices do not necessarily damage expert balance sheets; for instance, if
asset prices fall for fundamental reasons, this shock would be perfectly shared between
experts and households. But if asset prices decline due to a non-hedgeable sunspot
shock, experts’ relative wealth would fall—see equation (17). This wealth effect coordi-
nates trade. An individual expert, fearing an unhedgeable decline in asset prices, will
want to pre-empt this by selling some of their own capital. Thus, the fear of a non-
fundamental fire sale can kick off such a fire sale.

Ultimately, a fire sale causes a decline in g and #. The magnitudes of decline are
driven by a relative effect and an absolute effect. The co-dependence of these objects
is captured by the fact that g; = g(#:). The function g(-) captures relative responses:
how much asset prices move per unit of wealth share fluctuation. It is pinned down by
ensuring consistency of ¢, = (x —17)g, with g; = %/gﬂ. The risk-balance condition (RB)
captures absolute response sizes. If both experts and households are marginal in capi-
tal markets, their relative risk exposure ;¢7 — %_;ngi must be matched by their relative
expected returns %ﬁ — %’1. The absolute size of the shock, ¢, is thus pinned down.

While the analysis is simplest and cleanest in the case of log utility and Brownian
shocks, the intuition above suggests that nothing is special about log nor Brownian mo-
tion. To confirm this, we perform two extensions. First, Online Appendix D shows how
BSEs can be obtained with CRRA preferences and risk aversion oy # 1. Second, Online
Appendix E illustrates a sunspot equilibrium with Poisson jumps instead of Brownian
sunspots.

2.2 Self-fulfilling sunspots as a limiting case: equivalence

In this paper, we allow agents to perfectly hedge fundamental shocks. To compare
our results to the literature, and provide further interpretation, consider what happens
if no market existed for hedging dW;. Equilibria for this “conventional situation” are
studied extensively, with the defining feature that fundamental shocks are amplified by
endogenous wealth dynamics.

Let us briefly recount the details for a “conventional equilibrium” in which dW; is
non-hedgeable and the sunspot shock dZ; is absent. The key modification is that non-
hedgeable return volatility is now ¢ + ¢, rather than ¢, from the BSE. Thus, the entire
set of equilibrium equations is as before, except ¢, is replaced by o + ¢; and ¢, by oy in
all cases.

Follow a similar analysis that led to the critical equation (20). Solving the two-way

feedback between the It6 condition ¢; = %/(7,7 and wealth volatility o, = (x — 1) (0 + 0y),
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we obtain

xk—n)g'/

(e (x z)1;7)117/070' )
Equation (23) is often interpreted as amplification, because % takes the form of
a convergent geometric series. In words, a negative fundamental shock reduces experts’
wealth share 7 directly through (x — #)o, which reduces asset prices through 4’ /4. This
explains the numerator of (23). But the reduction in asset prices has an indirect effect: a
one percent drop in capital prices reduces experts’ wealth share by (x — 1), which feeds
back into a (x — 17)q’ /g percent further reduction capital prices, which then triggers the
loop again. The second-round impact is [(x — 77)q’/q]?, and so on. This infinite series
is convergent if (x —17)g’/q < 1, such that incremental amplification is reduced in each
successive round of the feedback loop.

In the BSE, recall that (x —77)q'/q = 1 (equation (20)). This BSE has no dampen-
ing in successive rounds of the feedback loop, leading to infinite amplification! Despite
this contrast, it turns out that the BSE is “close” to these conventional equilibria. As ¢
shrinks, amplification rises because falling exogenous volatility incentivizes expert lever-
age, which raises endogenous volatility. As ¢ vanishes, amplification rises explosively
and equilibria become sunspot-like.®

Proposition 2 (Observational equivalence). Consider an alternative economy without sunspots
and in which fundamental shocks W are non-hedgeable. Suppose a Markov equilibrium in 1 ex-
ists for each o > 0 small enough, with x(0) = 0. Then, as 0 — 0, the equilibrium converges to
the BSE in distribution.

It is relatively clear that taking o — 0 in equation (23) yields [1 — (x —#)q"/qloy; = 0,
analogous to the critical equation (20) from the benchmark model. Yet it is not clear why
the solution 0; = 0 (hence x = 1, i.e., the safe Fundamental Equilibrium) is ruled out as
a limiting equilibrium. Our formal proof rules this out and shows that fire sales remain
non-negligible in the limit.

The observational equivalence result of Proposition 2 formalizes how our BSE “looks
similar” to the conventional equilibria that have been studied in the financial accelera-

tor literature. There are two take-aways. Theoretically, our finding demonstrates how

®Brunnermeier and Sannikov (2014) provide a related limiting result, arguing numerically that asset-
price volatility does not vanish as ¢ — 0, also known as the “volatility paradox.” They also provide an
analytical result that lim, g % = A 4+ O(0). We go further in proving that the entire equilibrium
converges, as ¢ — 0, to a sunspot equilibrium. Related results can be found in Manuelli and Peck (1992)
and Bacchetta et al. (2012), in which sunspot equilibria could be seen as limits of fundamental equilibria

when fundamental uncertainty vanishes.
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the self-fulfilling nature of fire sales is core to the economics of the financial accelera-
tor. Practically, our finding can also be viewed as a robustness result: the dynamics of
conventional financial accelerator equilibria are robust to the inclusion of markets for

hedging fundamental risks.

2.3 Self-fulfilling sunspots as a limiting case: selection

So far, we have demonstrated that the BSE is a possibility. But our model inherently
permits multiple equilibria. Agents may just as well coordinate on the Fundamental
Equilibrium, which has no volatility nor fire sales. In this section, we provide a very
simple rationale for selecting the BSE as the unique equilibrium. The idea: suppose agents
perceive sunspot shocks as having a small fundamental impact. Then, even as this
perceived fundamental impact vanishes, equilibrium requires sunspots to matter.

Suppose agents believe that dZ is a second fundamental shock that affects capital. But
unlike dW, there are no hedging markets for 4Z. Mathematically, introduce parameter g
in the perceived capital evolution:

dki,t = ki,t [gdt + O'th + gdZt]. (24)

In reality, ¢ = 0 so that dZ is a sunspot that does not affect capital evolution at all. Think
of ¢ as small, since we will eventually take ¢ — 0.

This perceived risk model is tractable because all the equations are either identical
to or limiting versions of (as ¢ — 0) those that arise when the risk is real. For example,

portfolio choice depends only on perceived risks, so the risk-balance equation is

ae — ay K—1

q n(l—mn)

0 = min |1 —x, (c+ gq)z] . (25)
This equation would be the same whether ¢ was actually a risk or not. Similarly,
consumption-wealth ratios remain constant at p; under log utility, so price-output re-
lation (PO) still holds. Finally, agents” net worth dynamics depend on the actual risks,
not the perceived ones, and so given dZ is really a sunspot, we recover equation (20)
from the benchmark BSE. Equation (20) is also the limiting result as fundamental risk
vanishes. Thus, all the relevant equilibrium equations in this perceived risk model con-

verge to the BSE equations as ¢ — 0.

"Note that, in a diffusion model, misperceptions about volatility are extreme in the sense in that such
beliefs are singular with respect to the objective probability—data at infinitely-high frequency could detect
the true volatility. That said, we will take misperception ¢ — 0 in this argument. And so if investors receive
data at anything less than infinitely-high frequency, the belief distortion can be interpreted as trivial.
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Consequently, we may use the exact same argument as Proposition 2 to show that as
¢ — 0, the equilibrium converges to the BSE. Most importantly, the safe equilibrium cannot
emerge in the limit ¢ — 0. Essentially, all we are doing here is using the previous limiting

results in a different way, as an equilibrium refinement.

Proposition 3 (Refinement). Consider an alternative economy where capital is perceived to
follow (24), but where ¢ = 0 in reality. Suppose Z is non-hedgeable while W is hedgeable.
Suppose a Markov equilibrium in 1 exists for each ¢ > 0 small enough, with x(0) = 0. As
¢ — 0, the equilibrium converges to the BSE.

3 Conclusion

We have studied a canonical macro-finance model and constructed an equilibrium with
self-fulfilling fire sales. The key innovation is that, while all fundamental risks are per-
fectly shared, not every conceivable shock is hedgeable. Fundamentals-based fire sales
are no longer possible, but endogenously-emerging risks are unhedgeable and could
matter. If agents coordinate on selling capital, its price falls, which feeds back into net
worth and self-justifies the initial fire sale. The resulting dynamics are familiar, resem-
bling the conventional financial accelerator equilibria in a sense we make precise, but
can only emerge out of non-fundamental shocks. For example, consider the emergence
of new types of shocks for which hedging markets have not yet developed; these are
the shocks likely to encourage coordination and fire sale behavior. Finally, despite the
presence of multiple equilibria, we provide a simple trembling-hand-style refinement,
based on agents mistaking the sunspot shock to have a vanishingly-small fundamental

impact, justifying selecting the fire sale equilibrium and neglecting the safe equilibrium.
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Appendix:
Dynamic Self-Fulfilling Fire Sales

Paymon Khorrami and Fernando Mendo
July 16, 2024

A Proofs

Proor oF LEMMA 1. The construction is contained in the text leading up to the Lemma.
To confirm that this is an equilibrium, note that all equations are satisfied: (PO) by x =1
and q = a./p(n); (RB) by x = 1 and ¢; = 0; and r and 7r can be set by (12) and (13),
respectively. Finally, the dynamics in (18)-(19) are consistent with equations (15)-(17) and
It6’s formula applied to g = a./p(n). O

Proor oF ProrosiTiON 1. As stated in the text, the existence of a BSE boils down to
proving the existence of a solution g to ODE (21) with boundary condition «(0) = 0,
or equivalently 4(0) = a,/p;,. However, because x(0) = 0 implies that 4'(0) = +oc0, we
cannot apply standard results to this problem and must argue differently.

In our first step, we replace the boundary condition x(0) = 0 by any «(0) = o €
(0,1). We prove existence of a solution to (21) with this modified boundary. In our
second step, we take the limit ko — 0 and argue the limit satisfies the relevant equations.
Our third step shows this limit is the unique solution to the BSE ODE.

Step 1: Existence (and uniqueness) for ko € (0,1). Consider the initial value problem

- 1—xp)a
= F(y,q) = ——— st q(0) = X0te (L= Ko)ay,
TR = e @ e 70 Pn

Notice that ¢'(0+) = %8) is bounded, which is enough to ensure that F is bounded and
uniformly Lipschitz on the domain R := {(1,9) : 0 <n <1, (e+n)a.+(1—e—n)a, <

qo(n)}, for each € € (0,xp). This is the relevant domain because «’'(0+) = %q(()) +
aep_—hahq’ (0+) =1+ Z—g + (xo + ah)(p"p_—hph) > 1, so that the solution points into the interior

of this region as long as € < k. Thus, the Picard-Lindel6f theorem implies that there
exists a unique solution g* to this initial value problem, for # € (0,b), some b. Standard
continuation arguments can be used to extend the solution to either the entire domain
R := UR. or until a point such that the solution or its generator F explodes. In other

words, either:
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(i) b=1;
(i) g*(y) = +o0asy — b; or
(iii) b satisfies ba, + (1 —b)a, = q*(b)p(b).
ko (ae—ay) +1ae+(1=1)ay

o) ’
which corresponds by equation (PO) to the expert capital share x(77) = x + 7. Note that

Let us first rule out case (iii). Consider the pricing function q(77) =

q uniquely solves the alternative ODE

ae — ap — (Pe — P1)q Koa. + (1 — xo)ay,
- s.t. 0) = .
(1) 70) Oon

q =F(n,q) =

Since q*(0) = ¢q(0) and since F(7,q9) > F(1,q) on R, the comparison theorem for ODEs

implies that q*(7) > ¢(n7) for all > 0. Because q(17) > %, this proves that there
_ ba.+(1-b)

cannot exist any b with g*(b) = Tah. In passing, also note that this proves that the
— 7 (pp(n)—ay

solution g*(7) is necessarily such that the associated capital share x*(7) o,

from equation (PO) is such that «*() > 7.
We are left with cases (i) or (ii). In either case, set

n* =inf{n € (0,b) : q"(n) = ae/p(n)}

with the convention that #* = 1 if the set is empty.
In case (ii), with b < 1 and g*(b—) = +o0, it is clear by the continuity of the solution
g* that n* <b < 1.
In case (i) with b = 1, we may easily show by contradiction that #* < 1. Indeed, if
n* > 1, then g*(1-)p(1—) < a,, which implies F(1—,4*(1—)) < 0. But by continuity
of g%, the only way F could have changed signs is that there exists an #° € (0,1) such
that #°a, + (1 —7°)ay, = g*(1°)p(n°). This latter possibility was just ruled out (case (iii)).
And so * < 1.
Consequently, in cases (i)-(ii), there exists 0 < #* < 1 such that g*(n*) = a./p(n*).
Finally, define
- {q*(n), ifn <%
q(n) = i ,
ac/p(n), if g 20"
Kode+(1—x0)ay,

O
and q(n*) = a./p(n*). Thus, we have found a solution to the capital price satisfying all

This function satisfies g/ = F(1,9) on (0,7*), with boundary values g(0) =

the desired relations. And as shown above, the capital share satisfies (1) > 7.
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Equation (22), plus the fact that ¥ > 7, implies g% > 0 on (0,1*). Since #* > 0, we
thus have ¢4(77) # 0 on a positive measure subset as desired.

Step 2: Limit as kg — 0. For each initial condition x(0) = xq, let (qx,, 77x,) be the associated
equilibrium capital price and fire-sale threshold. Write the integral version of the ODE:

Kode + (1 —xp)a Ul .
o) = =0 Y g )y, < (A1)

We first claim that gy, (x) is weakly increasing in xg, for each x. Indeed, gy, (0) is strictly
increasing in k. By continuity, we may consider x* := inf{x : gz,(x) = gy, (x) } for some
Ko > xp. In that case, since F does not depend on & or ko, we have gz, (x) = g, (x) for all
x > x*. This proves gi,(x) > gx,(x) for all x. The monotonicity of gy, in x also proves
that 7, by its definition, is weakly decreasing in xp.

Because of these monotonicity results, the following limit (qo, 175) := limy,—0(qxy, 75, )
exists. This limit is our candidate solution for the BSE. It suffices to show that g satisfies
(@) q0 = F(11,490) on (0,75), (b) 40(0) = ax/pp, and (c) qo(15) = ac/p(ng)-

Combine the monotonicity result for gi,(x) with the fact that 9;F < 0 to see that
{F(x,qx,(x)) : ko € (0,1)} is a sequence which is monotonically (weakly) decreasing in
Ko, for each x. Thus, applying the monotone convergence theorem to (A.1), and recalling
that 175 > 7, we have

a U «
() = 5+ [ qo(x))dx, <

which proves (a), by differentiating, and (b), by substituting # = 0.

To prove (c), note that g4, is a bounded, continuous function for each x. Furthermore,
qx, converges to qo uniformly (i.e., in the sup-norm), due to the fact that ,F < 0.
Because the space of bounded, continuous functions (equipped with the sup-norm) is a
Banach space, it holds that go(x) is also a bounded, continuous function. Therefore,

Qe Qe

o(15)

q0(16) = lim g ( lim 17, ) = lim lim g, (7;,) = im g, (43,) = lim

n—0m—0 xo—0 xo—0 p(ij;{ko)
which proves (c).

Step 3: Uniqueness. Suppose two solutions g and 4 solved the ODE (21) with boundary
conditions x(0) = ®(0) = 0. Let #* and 7j* denote the points where «(17) and &(7)

8Indeed, differentiate (A.1) with respect to xy and 7 to see that Iykolxo (1) < 0, and in particular
Ao (1) < Oy (0) = %. Thus, the convergence rate of g, — go is bounded by the rate that kg — 0.
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reach 1. Without loss of generality, we may consider the situation §(7) > g(n) for all
1 < 7. The reason: if the two solutions ever crossed at some value of 7, then they would
necessarily coincide for all 7 > 7.

Since q(0) = §(0), we have

an) = a0n) = [ [Fra(x) = FlxaGe)]dx, g <7

Recall that F is decreasing in its second argument. Therefore, § > g on (0,7) implies
F(x,q(x)) > F(x,4(x)) for x < 7j, which from the equation above implies q(1) > 4(7), a
contradiction. ]

PROOF OF PROPOSITION 2. As mentioned in the text, the equilibrium equations for are
the same as in the benchmark BSE, but with ¢, and ¢, replaced everywhere by ¢ + 0;
and oy, respectively. We write these conditions here for completeness:

. e — Ay K—n
0 = min [1—1(, ; —;7(1_;7)(174—(7,7)2] (A.2)
__(k=mn)q'/q
0y = . (K_”)q,/qa (A.3)
e+ (1— 2 (1—x)?
po et K)”h+g+yq+aaq—(%+(1_’;) Je+am? (A9
p = 1= 1) (o= po) + (= 20+ )L (0 ) (A5)
oy = (k= 1) (0 + 0y). (A.6)

As there is no sunspot shock present, we also have ¢; = ¢; = 0 by assumption. In
addition, recall that (PO) still holds.

Note that the key equations characterizing equilibrium are (PO), (A.2), and (A.3)—
these equations determine (g,,0;) independently from (7, iy, 0y), which can then be
determined from (A.4), (A.5), and (A.6). Denote the equilibrium solution for ¢ > 0 by
(90, ks ), which by assumption exist uniquely for all o small enough.

Combine equations (A.2)-(A.3) and (PO) and rearrange terms to get

, - (ac —an)q _[(p(n)g —nac— (1 —n)ay)q
q = Fs(n,9) := = [1 a\/ T R ] (A7)

if x < 1 (or equivalently g < a./p). This is the ODE that fully characterizes the solution
qo. It is solved with the boundary condition 4,(0) = a;,/pj.
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The proof proceeds as follows. We first prove that, for any ¢ > 0, fire sales happen
and so ODE (A.7) applies in some region. We then guess-and-verify that fire sales remain
in the limit ¢ — 0. Under the guess that the fire sale region does not vanish, we prove
that the limiting equilibrium is the BSE. Given this result, we can then verify that the fire
sale region does not vanish as o — 0.

Step 1: fire sales happen for every o > 0. We first show that it is not possible to have x, = 1

across the state space as an equilibrium. Indeed, if so then (PO) gives q(n) = a./p(n),
1
1+(L=1)(pe—pn)
along with the guess x = 1, we see that (A.2) is violated for all 7 close enough to zero.

implying from (A.3) that o + 0, = o > 0. Plugging this result into (A.2)
Thus, there is a positive measure region on which x, < 1 is required. Let us denote
N = inf{n : k() = 1} > 0 as the upper-bound of the fire-sale region.

Step 2: the limiting equilibrium is the BSE (if fire sales continue in the limit). First, we establish
that the relevant limits exist. Note that the ODE generator F;, in (A.7) is decreasing in
o uniformly, which implies that the solution g, is monotonically (weakly) decreasing
in 0. By the monotone convergence theorem, the limit gy := lim,_,0 g, exists, and by
association 7 := lim,_,o 77, exists. We will guess (and verify in Step 3) that 75 > 0.
Because g, is decreasing in ¢, implying 7; is increasing in o, we have 7; = inf; 71;.

Thus, the entire family (g¢)s~0 of solutions satisfy

a U N
q0(n) = p—z + /0 Fo(x,q0(x))dx, 1 < (A.8)

To take the limit as ¢ — 0, we make use of the following. First, F, is continuous in
o for all ¢ > 0. Second, g, is continuous in ¢ as ¢ — 0 by the definition of gy as
the limit. Third, F,(y,q) is continuous in g on the domain R := {(17,9) : 0 < 7 <
1, na. + (1 —n)a, < p()q}. And fourth, the solution graph {(17,4,(1)) : 0 <n <1} isa
subset of R. Using these results, take o — 0 in (A.8) to get

a U N
qo(n) = p_: +/0 Fo(x,q0(x))dx, 1 <

which proves that g solves the BSE ODE (21) on 7 € (0,73). By uniqueness of the BSE
(Proposition 1), this limiting equilibrium thus coincides with the BSE.

Step 3: wverify ny; > 0. To confirm 75 > 0, we use that fact that gy coincides with the
BSE ggsg. Proposition 1 has already proved that this BSE is unique and features #5¢p 1=
inf{x : qese(n) = a./p(y)} > 0, confirming our guess.
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Final note: The qualification about “convergence in distribution” is only needed because
the BSE is driven by the sunspot shock Z, while the present limiting equilibrium is
driven by the fundamental shock W. These shocks have the same distribution but are

not pointwise identical. O

Proor oF ProrosiTioN 3. The proof is identical to Proposition 2, but with ¢ and oy re-
placed by ¢ and g, everywhere, except in (A.7) where ¢ is replaced by 0. O
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B Stationarity of the BSE

Lemma B.1. In any BSE, the dynamics prevent v from reaching zero with probability one.
Moreover, if p, > py,, then (1;)1>0 has a non-degenerate stationary distribution on (0,1*], and
when ny € (n*,1), it follows a deterministic path towards n*.

Proor oF LEMmA B.1. We consider the baseline model of Section 2.1 with boundary con-
dition x(0+4) = o € [0,1). As shown in Proposition 1, a BSE that is Markov in 7 exists
uniquely given this boundary condition. For reference, we re-state the dynamics of # in

such an equilibrium:

E_ah[

K — 2xn + ;72]1,7<,7* + (0e — p1) 172 (B.1)

ae_ah

a
Hy = (0e — pn)n +

gp=n(1=n)(x—1) Ly<p, (B.2)

(1=1) ae—ay 1
k—n q ~N<
(22). We proceed in 3 steps, examining dynamics of 1 above #*, in a neighborhood just

where equation (B.2) follows from ¢, = (x — #)g4 in (17) and gq = =1 pe in

below 7%, and in a neighborhood just above 0.

Step 1: Dynamics for 1 > n*. Equation (B.2) shows that ¢,(r) = 0 for all > 75*.
Thus, 7 it follows a deterministic path towards #* if pu,(7) < 0 for all 4 € [y*,1).
Substituting ¥ = 1 into (B.1) and using p. > pj, delivers the result immediately. Given
the deterministic transition toward 7*, we can ignore the sub-interval (r*,1) in our state
space and instead consider only (0,7*).

In general, consider a one-dimensional process (X¢);>o with dXy = py(X¢)dt + 04 (Xt)dZ;
that is a regular diffusion on interval (e1,e2) C R (i.e., the dynamics of X depend only
on X itself, and imply that it reaches every point in (e1,e;) with positive probability).
Our process (#)¢>0 satisfies these conditions for e; = 0 and e, = 77*.

In such case, we may apply Feller’s boundary classification to decide whether bound-
aries e; and e, are inaccessible (avoided forever with probability 1) or accessible. To do

so, first define s(y) := exp(— |, xyo Z(f “du), m(x) ;== ——2—, and let € and xq be arbitrary

s(x)oz (%)
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numbers within interval (e;, e2). Boundary e; is inaccessible if and only if

L= /em(x)</xs(y)dy>dx = +o0.

€1 €1

Boundary e; is accessible if and only if

I := /’:zm(x)(/:zs(y)dy>dx < +o0.

We will prove these results in the next two steps.

Step 2: Dynamics near e; = n*. Compute

el
—~
=
*
N~—

py(* =) = =" (L =n")(pe —pn) + (1 —117)
63" =) = 1" (1 =" )p(") =L,

Qe

Since g%l(iy*—) is bounded away from zero and p, (#*—) is finite, it is easy to check that

*

I < 400, meaning e, = 77* is an accessible boundary that is hit in finite time with

positive probability. Furthermore, we may also show

]2 = /:2 m(x)(/js(y)dy)dx < +0o,

which implies e; = 7" is a so-called “regular boundary” that must be included in the
state space.

We must establish what occurs when #; hits boundary point e = #*. Recall from
step 1 that p,(17) < 0 and ¢, () = 0 for all # > 5*. This implies that #; can never enter
the region (#*,1) from r* and that 7; will not stay at point #* for an infinite amount of

time. Consequently, the region (0, #*] is the ergodic set.

Step 3a: General analysis of dynamics near ey = 0. First, suppose our diffusion satisfied the
following near e; = 0 (the notation f(x) ~ g(x) means lim,_,o f(x)/g(x) = 1):

oz (x) ~pxf >0, >0

() ~0x7% a>1, 06>0.

As we will show below in step 3b, this asymptotic description is flexible enough to cover
all cases within our model.
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If « = 1, we have, for x sufficiently small,

S1(x,0) := / (—Z dy = / exp 29(10g() log(y>)]dy (B.3)
1-26 1-26
207 X —Z
=l

so letting € be sufficiently small, we obtain

p 121151 78 dx.

€0x20-p 120 _ ,1-26
I =
0

If 20 > 1 (note that 20 = 1 corresponds to % being replaced by log(z) in the expression
above), then the interior limit is +oco for all x > 0 and therefore I; = +o0. This holds
independently of the value of B. If 26 < 1, then

e 2 g, 2 e F o xFF
11—/0(1_29)4)x dx_(1—29)¢<2—/3 155‘2—/3)'

So, in this case, I; = +oo only if B > 2 (for B =2, ’52:/5 is replaced by log(x)).
If « > 1 instead, we will show that [; = +oc0 independent of any other parameters.
We have

X X
Su(x,0) := /0 E(—Z;dy = /0 exp [%(xl_“ —yl_“)]dy (B:4)
The corresponding expression for the case with « = 1 is S1(x,0) in (B.3). We showed
above that for T < 1/2, we have S1(x,T) = +oo. Fix such a 7. We now show that
Sa(x,0) > S1(x, 7) for all x sufficiently small and all 6.

Fix any x > 0, and define f(y) := 2t(log(x) —log(y)) and g(y) := & (x'~
y'~%). Since both functions are strictly positive for y < x, and since lim,_,g g( )/ f (y)
limy_0(8/7)y'~* = +oo, there exists 7 € (0,x) such that g(y) > f(y) for all y € (0,7).
From this comparison, we conclude S,(7,0) = foy_ exp(g(y))dy > fo exp(f(y))dy =
S1(, T) = +o0. Since this argument is independent of (8,6, ¢), this proves that [; = +oc0

if o > 1.

Step 3b: Model-specific analysis of dynamics near e; = 0. Now, we map our model dynamics
into the setup of step 3a. If x(0+) = xg > 0, then in the limit as 7 — 0, equations
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(B.1)-(B.2) become

ag_ah ag_ah
— (0, — 2
M0 (p ot = gor) KO) veel)
2 fde— 4y
017 — q(0+) Koy +0(’7)

Hence, in terms of the notation in step 3a, we havea =1, =1and 0 =1 > % Thus, y
avoids zero with probability one.

If x(0+) = 0, we need to know the rate at which xk — 0 as ¥ — 0. Guess, and
verify after, that k = ¢ 4 0(n%) in the limit as # — 0. Differentiating the price-output
condition (PPO), we have

q = 5 [(ae — ap)x’ — (pe — Ph)‘ﬂ

Combining this with the sunspot differential equation for g, equation (20), we obtain
[(ae = an)x" = (pe = pi)q] (x —11) = pg.
Taking the limit as # — 0, we have
(1 = ) L () (6 — ) =

Hence, the guess is verified if w = 1/2 and ¢?> = 2a,/(a, — a;) > 0. Substituting this
asymptotic behavior into equations (B.1)-(B.2), we have

2(a, —a

py = e ) - D2+ o)
2(a, —a

=2 ah_h)pwmﬂ(n”z)-

These dynamics match step 3a with « =1, B = 3/2, and 0 = 1. In that case, we have
shown that # cannot reach zero with probability one.

In summary, (7;)¢>0 possesses a non-degenerate stationary distribution with support
(0,77*], the boundary {0} is inaccessible, and the boundary 7* is accessible but non-
absorbing. O
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C Disaster beliefs and equilibrium refinement

C.1 Beliefs about disaster states

In this section, we outline a richer class of BSEs. The entire set of BSEs studied here will
be indexed by agents’ beliefs about the “tail scenario” in the economy, i.e., what happens
when experts are severely undercapitalized.

Mathematically, recall that we previously have assumed «(0) = 0; in other words,
experts fully deleverage as their wealth vanishes. Some intuitive refinements like a
small amount of idiosyncratic risk (Section C.2 below) can justify the assumption «(0) =
0. However, strictly speaking, x(0) = 0 turns out to not be necessary without these
refinements, and it will be interesting to relax this assumption.

Consider any xp € (0,1) and put x(0) = xo. We will call kg the disaster belief in the
economy. The sunspot equilibrium is similar to Proposition 1, with the generalization
that the boundary condition to the ODE (21) is now «(0) = xo rather than x(0) = 0.
Along the way toward proving Proposition 1, we actually showed that there is a unique
solution to this problem, hence a sunspot equilibrium for each x.”

In that proof, we also showed that the BSE is the result of taking the limit ko — 0.
Similarly, one can show that as k9 — 1, the equilibrium converges to the Fundamental
Equilibrium of Lemma 1 Therefore, one can view both the BSE and the Fundamental
Equilibrium as outcomes of coordination on experts” deleveraging. If experts never sell
any capital, there can be no price volatility, with ¢, = 0 at all times. If agents expect ko =
0, which translates to full deleveraging and large capital fire sales, then the benchmark
BSE of the paper prevails. But for any xy € (0,1), an intermediate sunspot equilibrium
will prevail, with a self-fulfilling amount of expert deleveraging and associated price
dynamics. In this simple way, the boundary condition xy € [0, 1] spans an entire range
of sunspot equilibria from more to less volatile. An illustration is in Figure C.1.19

This result clearly illustrates of the central property that the degree of fire sales is
indeterminate in these models. Intuitively, greater optimism about other experts” ability

to retain capital in the tail scenario induces smaller capital fire sales in response to

There is a closed-form solution when pj, = p, = p, which is

1 la, —ay

a07) = 3 [(@e =y + ot /(e = @) + @ —af + (e~ aPf], for <yt =5 (1),

As K decreases, the slope q'(77) increases, consistent with the idea that pessimism about the disaster state
raises the sensitivity of equilibrium to sunspot shocks away from disaster.

19This result is also convenient in some numerical situations. Since the BSE is just the limit of equilibria
as kg — 0, we can construct an approximate numerical solution with xy very small (but not quite 0).
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Figure C.1: Capital price g, sunspot volatility ¢4, and stationary CDFs of 7 for different levels of disaster
belief xy. Parameters: p. = p;, = 0.05, a, = 0.11, a;, = 0.03. To keep the wealth distribution station-
ary in an economy with symmetric discount rates, we augment benchmark assumptions with random
type-switching at rates J, and ), for experts and households, respectively. This does not change any con-
sumption or portfolio decision, but augments the # dynamics with an additional drift of (1 —#)d), — #7J,.
We set J;, = 0.004 and J, = 0.036.

sunspot shocks, which keeps volatility low, asset prices high, and justifies the optimism.

C.2 Idiosyncratic risk as an equilibrium refinement

In the main text, we have assumed the disaster belief «y := x(0) = 0, i.e., full delever-
aging by experts as their wealth vanishes. However, Section C.1 shows that, strictly
speaking, this is not required. Any disaster belief xy € [0,1] can be justified and a
corresponding BSE can exist. This section provides a very simple refinement to justify
selecting xg = 0.

The refinement we consider involves adding a vanishingly small amount of idiosyn-

cratic risk to capital. In particular, suppose individual capital now evolves as
dki,t = ki,t [gdt + cdW; + (~7dwi’t], (Cl)

where (W;);c 0,1] i a continuum of independent Brownian motions. Agents with indexes
i € [0,v] are experts, and those with i € [v,1] are households. As in Section 1, the
aggregate stock of capital K; := fol ki tdi grows as dK; = K;[gdt + cdW;]. Also as before,
the shock dZ; is a sunspot shock, independent of dW; and all the idiosyncratic shocks.
Besides this addition of idiosyncratic uncertainty, the definition of equilibrium is the
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same as Definition 1. Conjecture that capital prices follow a process of the form dg; =
t[pgrdt + Gq1dZ;] in equilibrium.

The most important feature is that only the aggregate fundamental shock dW is
hedgeable. Neither the idiosyncratic shocks dW;, nor the aggregate sunspot shock dZ are
hedgeable. In such a world, &% + g% is the total amount of unhedgeable return-on-capital
risk. Thus, the risk-balance condition (RB), which arose from the combination of expert
and household capital FOCs, is now modified to read

ae — aj K—1

O:min[l—K, ; —;7(1_;7)(&2+g2q)] (C.2)

It turns out that any equilibrium must feature lim, o x = 0. To see this, take the limit
n — 0 in equation (C.2), making note that a, > a; and 72+ g% > 0, so that k — 0 is
required. In words, experts fully de-lever as they become poor, simply as a consequence
of portfolio optimality.

Intuitively, non-hedgeable idiosyncratic risk gives experts an additional motive to sell
capital. This motive is magnified as experts become relatively poorer, because the risk is
embedded in the capital stock: holding any capital becomes infinitely risky, per unit of
wealth, as net worth vanishes. Thus, even a small amount idiosyncratic risk is enough
to force coordination on maximal selling in response to negative shocks.!!

We can use this as a refinement in the following sense. By taking & — 0, our equilib-
rium equations converge back to those in Section 1. However, since the full-deleveraging
property lim;, ,ox = 0 holds for any & > 0, we retain this property as we take & — 0.
Thus, among BSEs with disaster belief kg, the unique one that survives this refinement

is the one in the main text corresponding to xo = 0.

Proposition C.1. Any equilibrium with idiosyncratic capital risk & > 0 must feature x(0) = 0.
As & — 0, any stochastic equilibrium converges to the baseline BSE.

Proor or ProrosiTioN C.1. We have already proven the first statement that any equi-
librium with & > 0 features x(0) = 0. We prove the second statement with the more
general claim that any stochastic equilibrium is unique for any & > 0. Importantly, note
that the ODE (21) still holds in this environment if ¢, # 0. This is because of the fol-
lowing points. First, the aggregate wealth share exposure ¢, = (x — 17)g, holds as before
(idiosyncratic risk washes out when aggregated to the expert sector level). Second, the
Itd condition ¢; = ¢,4q'/q still holds as before. Together, these two imply that condition

1n passing, also note that this argument justifies our original choice of x(0) = 0 as the boundary
condition for ODE (21) rather than any other value x(0) > 0.
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(20) still holds. If ¢; # 0, it must therefore be that 1 = (x — #)q’/q. And third, because
the introduction of idiosyncratic risk scales with capital holdings, all log utility agents
still consume p; fraction of their net worth, meaning that the market clearing condition
(PO) still holds. Combining (PO) with 1 = (x — 77)g’/q leads to ODE (21), as before.

Proposition 1, by its construction, characterizes the entire set of solutions to ODE (21)
in which {7 : k() < 1} is an interval of the form (0,7*). Each solution is indexed by its
boundary condition «(0) = x¢ € [0,1], and given this boundary condition the function
k(n) is uniquely determined. Thus, the uniqueness of the entire equilibrium is proved
given ko = 0.

Finally, the fact that all the equilibrium equations converge to those of the BSE as
0 — 0 is obvious and is omitted for brevity. Combining this convergence with the

uniqueness result above, we have proved the proposition. O

D General CRRA preferences

We modify the model by generalizing preferences to the CRRA type. In particular,
we replace the log(c) term in utility specification (3) with the flow consumption utility

c!=7/(1 — 7). We impose no fundamental volatility, ¢ = 0, to simplify the expressions.

Equilibrium. The key equation (20) still holds, repeated here for convenience, but in
terms of ¢, rather than ¢,:

/

[1 — (k- ;7)%] ¢y = 0. (D.1)

The sunspot equilibrium is associated with the term in brackets being equal to zero.
Unlike with logarithmic preferences, this condition does not pin down g(7) function,
because we can no longer write x(g,7) from the goods market clearing condition: the
consumption to wealth ratio is not constant anymore, and depends on agents’ value
functions.

The value function can be written as V; = v;(77)K!=7/(1 — ) where v;(1) is deter-
mined in equilibrium. Then, consumption is ¢;/n; = (mq)l/ =1y 03/ 7 where 1; corre-
sponds to the wealth share of sector i. Then, goods market clearing becomes

q1/7[<1>1/7+ <1_—;7>1/’7] — (e — ay)x + ay, (D.2)

ve vh
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Optimal portfolio decisions imply that

cmin1ox T (% T, 1 N0
O—mm[l K, p (Uh 7]g—|—;7(1_;7))(1< n)gq] (D.3)

The HJB equation for i € {¢, h} has the familiar form p;V; = u(c) + ]E[%], which be-
comes

()" v 19

. T+ 292 1 (1 - q)g. D4
pi 7 totn oy (1= )8 (D.4)

The dynamics of # satisty

Gy = (k= 11)6g (D.5)
K 1—x Cp  Ce
=n(1- —Gg — e D.
py =n(l—n) (nquq 7Th1_;7€q+ , ne> GnGq (D.6)
and agent-specific risk prices satisfy
_ % c1
Tle = Uegry + 1 +¢q (D.7)
P
Ty = vhg” -7 +¢q- (D.8)

A Markov equilibrium is a set of prices {g, 0y, 7T, 75, }, allocation {x}, value functions
{vn, ve} and aggregate state dynamics {¢;, 1, } that solve the system (D.1)-(D.8).

The Fundamental Equilibrium corresponds to the solution for (D.1) where ¢, = 0,
which implies deterministic economic dynamics. Then, the capital price has no volatility
(g = 0), risk prices are zero (7te = 7, = 0), and experts hold the entire capital stock
(x = 1). The capital price is then solved from (D.2), and the value functions satisty

) v (G e g
Pz—z)}—/7+v—i’7(1 M, ) TETS

J/

-~

=y

Conversely, the sunspot equilibrium corresponds to the solution for (D.1) with %/ =
(x —n)~! (and potentially ¢, # 0).

Disaster belief. With logarithmic preferences, we proved that any sunspot equilibrium
must satisfy ¢;(0+) = 0. This allowed us, in Appendix C.1, to construct sunspot equilib-
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ria with x(0+) = «g for any xy € [0,1). With CRRA preferences, we attempt to construct
the same class of equilibria, with ¢;(0+) = 0 and xo € [0,1).

In order to have a non-degenerate stationary distribution, we have the following
requirements. Since G, (0+) = xog,(0+) = 0, the state variable avoids the boundary {0}
if 41, (0+) > 0. Using (D.3) for k < 1, we have'?

e — ay
= 0+) — 0 0
q(0+) (ne( +) ﬂh( +))Qq( +)
which allows us to show that!3
ae, — ay
(04) =0 gy >0

In addition, we need y,(17*+) < 0 where n* := inf{r : x(y) = 1}. This requirement
should be satisfied for p. — p;, sufficiently large.

Numerical solution. We do not provide an existence proof—which involves the exis-
tence of a solution to the ODE system—but construct numerical examples. For numer-
ical stability, the examples are constructed for xy > 0, which keeps ¢'(0+) = g(0+) /o
bounded.

The numerical strategy is the following. Construct a grid {#3,...,7n} with limit
points arbitrarily close to but bounded away from zero and one. Conjecture value func-
tions v;,(17) and v.(1). Impose x(#1) = ko and use (D.2) to solve for g(#1). At each interior
grid point, use 4’ = q/(x — 1) and (D.2) to solve for k(1) and g(7) until x(r*) = 1. In
this region, recover g, from (D.3). For 7 € (*,1] impose x(7) = 1 and ¢, = 0, and solve
capital price from (D.2). The rest of equilibrium objects are calculated directly from the
system above. The guesses of the value functions are updated by augmenting the HJBs
(D.4) with a time derivative and moving a small time-step backward, as in Brunnermeier
and Sannikov (2016). The procedure terminates when the value functions converge to
time-independent functions.

In Figure D.1, we plot the equilibrium objects as functions of #, for different levels of
risk aversion . In Figure D.2, we make the same plots, for different levels of the disaster

belief k. Higher risk aversion (higher y) or more pessimism about disasters (lower )

12Note that this implies 7z,(0+) — 7;,(0+) diverges.

13This expression also assumes that 77;,(0+4) remains bounded. This is a mild assumption that is always
confirmed numerically when we solve for the value functions.

14With logarithmic utility, we obtain a limiting result in Proposition 1, that as kg — 0, the equilibrium
converges to the BSE with x(0) = 0. With CRRA, we do not prove such a result analytically, but we do
observe numerically what looks like convergence as xy becomes small.
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Figure D.1: Sunspot equilibrium for different risk aversion . The disaster belief is set to xy = 0.001. Other
parameters: a4, = 0.11, a5, = 0.03, p, = 0.06, p;, = 0.05, g = 0.02.

generates sunspot equilibria featuring lower capital prices and higher volatility.
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Figure D.2: Sunspot equilibrium for different disaster beliefs xy. Risk aversion is set to v = 2. Other
parameters: a4, = 0.11, a5, = 0.03, p, = 0.06, p;, = 0.05, g = 0.02.

E Poisson Sunspot Equilibrium (PSE)

Rather than model sunspots as the Brownian shock dZ, here we conjecture capital prices

can “jump” for non-fundamental reasons. Mathematically, write

dqr = qi—[pgi—dt +Cgi-dJi],

where | is a Poisson process with intensity A that does not affect physical capital at
all. An equilibrium in which ¢, is not identically zero will be called the Poisson Sunspot
Equilibrium (PSE).

In a Markov equilibrium, the sole state variable will still be experts” wealth share 7,

which follows a jump process
dny = pyp—dt + Cyr—d]s.

Note that {;+— := 1 — 7t~ by definition. Because agents’ portfolios (capital and bonds)

are predetermined, we can determine the wealth share jump from the jump in g, with
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the result being'®

Gq
1+,

Gy = (x—1) (E.1)
On the other hand, once the post-jump wealth share is known, the capital price is also
known, since 7 is the sole state variable, i.e., we have g; = ¢(1;) for some function g.

Thus, if we denote the post-jump wealth share by 7,

L= q9(1) —q. (E.2)

q
This is the way to solve the two-way feedback between the wealth distribution and
capital prices, similar to the Brownian model. Combining (E.1)-(E.2) yields 1 —yn =
(k—1) %, which is analogous to the sunspot differential equation of the BSE. Indeed,

as 7j — 17, this system converges exactly to q'/q = (x — 1)~}

as in equation (20).
Because we do not model bankruptcy procedures, we must also make sure the jump
renders experts solvent, meaning ;- > —1;, to preserve the risk-free status of the
bond. If solvency cannot be ensured, then no self-fulfilling jump can take place.
Portfolio choices are still relatively simple, because the jump size is locally pre-
dictable, i.e., {; is known just before the jump actually occurs. Ultimately, one can
show that the equations characterizing an equilibrium of this model are given by the

following simple lemma.

Lemma E.1 (Equilibrium with Jumps). A Markov equilibrium with jumps requires functions
(9,%,1,Cq,Cy) of 1 to satisfy price-output relation (PO), equations (E.1)-(E.2), and

,7:;7+(K—17)1f_ch >0
. e — ay /\Cg
0: 1_ 7 1_ - o .
min [ k(1 —n) q (k=) (1+ %gq)(l + %_;;Cq)

To show what the PSE looks like, we provide a numerical solution and plot some

79
X

15 The derivation is as follows. Let variables with hats, e.g., , denote post-jump variables. Note
N, = §Kx — B and N, = §K(1 — x) + B, where B is expert borrowing (and household lending, by bond
market clearing). Then, # = N,/(4K) = x — B/(4K) and by similar logic the pre-jump wealth share is
n =« —B/qK. Thus, {, =/ —n = B[1/(qK) — 1/ (4K)] = qK(x — )[1/(gK) — 1/(§K)]. Using the fact that
K = K and the definition {, := §/q — 1, we arrive at {;, = (x — 7)[1 — (14 ;) ']. This derivation assumes
the presumably risk-free bond price does not jump when capital prices jump. Conceptually, there is no
reason why this needs to be true, but it preserves its risk-free conjecture. If bond prices are allowed to
jump at the same time, we would find different expressions.
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aspects below. The first panel of Figure E.1 displays one simulation of the PSE, also
comparing it with a simulation of the BSE. We use the boundary condition x(0) = 0
in both the BSE and PSE. The second panel plots the stationary capital price densities
(although note that the BSE “density” in fact has a point mass at 7 = 17*). Capital prices
in the PSE tend to remain at lower levels than in the BSE for our example.
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Figure E.1: Time series and stationary density of capital price g in a PSE, BSE, and Fundamental Equilib-
rium (FE). Parameters: p, = p; = 0.05, a, = 0.11, a;, = 0.03. For the PSE, we use A = 0.1 as the arrival
rate of Poisson jumps. To keep the wealth distribution stationary in an economy with symmetric discount
rates, we augment benchmark assumptions with random type-switching at rates J. and ¢y, for experts and
households, respectively. This does not change any consumption or portfolio decision, but augments the
1 dynamics with an additional drift of (1 — #)d), — nd.. We set J;, = 0.004 and 6, = 0.036.
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